Cosmological perturbations in Loop Quantum Cosmology (LQC) are usually studied incorporating either holonomy corrections, where the Ashtekar connection is replaced by a suitable sinus function in order to have a welldefined quantum analogue, or inverse-volume corrections coming from the eigenvalues of the inverse-volume operator.
Introduction
Loop Quantum Cosmology in the flat Friedmann-Lemaître-Robertson-Walker geometry containing only holonomy corrections (not inverse-volume effects) can be built in two different ways. The first one consists in replacing in the classical Hamiltonian the Ashtekar connection which does not have a well defined quantum operator (see for example [1] ), namelyc, by the function sin(μc)/μ (holonomy corrected LQC). Then, with the new holonomy corrected Hamiltonian one obtains the modified Friedmann equation (an ellipse in the plane (H, ρ)). The alternative approach consists in looking for a teleparallel F (T )-Lagrangian density (teleparallel LQC), where T = −6H 2 is the scalar torsion, which leads to the same modified Friedmann equation [2] .
When one deals with cosmological perturbations both formulations could, in principle, lead to different results. If one considers teleparallel LQC, one only has to use the well-known perturbation equations in F (T ) gravity [4, 3, 5] . On the other hand, cosmological perturbations in holonomy corrected LQC are performed in the Hamiltonian framework. The idea is very simple, starting from the perturbed classical Hamiltonian the way to introduce holonomy corrections, like in isotropic models, is based in the replacementc →
sin(nμc) nμ
where n ∈ N \ {0} [6] . The problem with this prescription is that the algebra of constrains ceases to be preserved, i.e., the Poisson brackets of the constrains include additional terms called anomalies. These anomalies can be removed, and the algebra of constrains restored, inserting some counter-terms in the holonomy modified Hamiltonian [7] . However, some of these counter-terms must contain the Ashtekar connection which does not have a quantum analogue, meaning that, in principle, it is impossible in the context of LQC to quantify this anomaly-free holonomy modified Hamiltonian.
What is important in both formulations is that they provide a simple bouncing scenario, which for a universe that is matter-dominated at early times, could be an alternative to the inflationary paradigm (see [8] for a recent review about the problems related with slow-roll inflation and the alternative bouncing scenarios). Note that, if one only considers inverse-volume corrections, when the universe is filled by a field under the action of a non-negative potential (to guarantee a positive energy density), one will obtain a non bouncing universe because the Hubble parameter never vanishes (see equations (5) and (8) of [9] ). In that case, there will be a super-inflationary phase at early times that could solve the horizon and flatness problems that appear in Einstein Cosmology (EC), but to obtain an scale invariant spectrum of primordial perturbations a quasi de Sitter phase is needed. That is the reason why authors that only take into account inverse-volume corrections, have to impose an slow-roll phase at early times (see for example [10, 11] ). In our work, since we are only interested in models without an slow-roll epoch in the expanding phase, we will disregard these inverse-volume effects.
Then the following questions arise: Could holonomy corrected or teleparallel LQC be a viable alternative to inflationary cosmology? Do all the theoretical results obtained from these formulations of LQC (scale invariance of scalar and tensor power spectrum of perturbations, ratio of tensor to scalar perturbations,...) match correctly the current observational results?
To give reasonable answers to those questions, first at all we will show that for scalar perturbations both formulations give equations that only differ in the velocity of the sound. This difference is very important at high energies because, as has been showed in [7] , in the super-inflationary phaseḢ > 0, the square of the velocity of sound in holonomy corrected LQC becomes negative. As a consequence the equation of evolution changes from hyperbolic to an elliptic one. This phenomenon never happens in teleparallel LQC where the square of the velocity of sound is always positive, giving rise to a hyperbolic equation of evolution for all time. On the other hand, for tensor perturbations, we find an equation which is completely different from the one obtained in holonomy corrected LQC.
Once we have obtained our equations for scalar and tensor perturbations, we get the corresponding gauge invariant Mukhanov-Sasaki equations, showing that for a matter bouncing universe both power spectra are scale invariant. Moreover, we also show that the ratio of tensor to scalar perturbations, contrary to the ambiguous value given by holonomy corrected LQC and the small value found in slow-roll inflation, is of the order 1, as in standard matter bounce F (T ) gravity. However, this value is greater than the current observational bound, which means that in this theory a mechanism has to be introduced in order to amplify the scalar perturbations.
At the end of the paper we discuss such a mechanism to achieve this bound. It consists in introducing, in the contracting phase, a transition from the matterdomination to a quasi de Sitter stage. At that stage where scalar perturbations are enhanced and the ratio of tensor to scalar perturbations will decrease enough to achieve the desired bound.
The units used in this paper are: = c = 8πG = 1. 
In fact, all the element of this space have the expansion
with µ n ∈ R and α n ∈ l 2 (the space of square-summable sequences). Thus, in this space, since the Poisson bracket of these canonically conjugate variables is {c,p} = [1, 12] ). As a consequence, it is impossible to quantize the gravitational part of the Hamiltonian
because it containsc. To solve this problem one can re-define the Hamiltonian introducing almost periodic functions that approximatec 2 for small values ofc (holonomy corrections). This can be done using the general formulae of Loop Quantum Gravity (LQG) [13, 14, 15 ]
In this formula the holonomies are given by
where the Pauli's matrices σ j have been used. A simple calculation gives rise to the following holonomy modified gravitational Hamiltonian [16, 17, 18 ]
which using the so-calledμ-scheme, defined byμ = λ/ √p , where λ = √ 3 2 γ is the square root of the minimum eigenvalue of the area operator in LQG (see for instance [1] ), becomes
where we have introduced the volume V = a 3 and its canonically conjugate variable β =c/ √p . Then, from the Hamilton equationV = {V, H 
in the plane (H, ρ). In formula (7) ρ c = 3 λ 2 γ 2 ∼ = 0.4ρ pl is the so-called critical density.
Teleparallel version of holonomy corrected LQC in the flat FLRW space-time
Teleparallelism is a gravitational theory based in the Weitzenböck connection (see for instance [19] ). It's well-known that General Relativity is equivalent to a teleparallel theory where the Lagrangian is a linear function of the scalar torsion (see for instance [20] ). Then, since for the flat FLRW metric the Lagrangian density is 1 2 RV which can be written as follows
whereV is a total derivative, we can conclude that General Relativity in the flat FLRW geometry can be built with the Lagrangian 1 2 T V , where T = −6H 2 is the scalar torsion.
In general, teleparallel F (T ) gravity in the flat FLRW geometry is based in the Lagrangian density
where L M is the matter Lagrangian density. After Legendre's transformation, the Langrangian density gives rise to the following Hamiltonian density
Then, the Hamiltonian constrain H T = 0 leads to the modified Friedmann equation (see for instance [2] )
which depicts a curve in the plane (H, ρ). Conversely, given a curve of the form ρ = G(T ) for some function G, the way to reconstruct the corresponding Lagrangian density L T , consists in integrating the modified Friedmann equation obtaining as a result
Then, the idea of teleparallel LQC is to find an explicit F (T ) theory whose modified Friedmann equation coincides with the ellipse (7). This could be done splitting the ellipse in two pieces ρ = G − (T ) (the branch whereḢ < 0) and ρ = G + (T ) (the branch whereḢ > 0), with
and T = −6H 2 (the scalar torsion in the flat FLRW space-time). Finally, from formula (11), the holonomy corrected Friedmann equation has been recently obtained in [2] using the following function
which is the basis of the teleparallel formulation of LQC.
Scalar cosmological perturbations
In this Section we obtain the equations for scalar perturbations in teleparallel LQC and we compare them with the corresponding ones in holonomy corrected LQC. For simplicity, we work in longitudinal gauge ds 2 = (1 + 2Φ)dt 2 − a 2 (1 − 2Φ)dx 2 , where Φ is the Newtonian potential, and we consider a scalar field with Lagrangian density
with ϕ =φ + δϕ, beingφ the homegeneous part of the field. The perturbation equations in teleparallel F (T ) gravity are (see for example
where G has been introduced in equation (10).
To obtain the equations for scalar perturbations in teleparallel LQC, we have to choose the F (T ) theory defined by equation (13) and inserting it in the general equations (eq's (15), (16) and (17)). The final form of our equations is
where the following notation has been introduced:
Ω Ω 3. The square of the velocity of sound is equal to c 2 s = 2|Ω|
, being
4. = d dη is the derivate with respect to the conformal time η.
Combining these equations one obtains, in teleparallel LQC, the dynamical equation for the Newtonian potential
On the other hand in [7] , using holonomy corrected LQC, the authors obtained the same equations (18)- (22), but with a square of the velocity of sound equal to c 2 s = Ω. As a consequence, in holonomy corrected LQC, c 2 s > 0 when ρ < ρ c /2, whereas when ρ > ρ c /2 one has c 2 s < 0. The latter means that in the superinflationary phase the holonomy corrected equation that corresponds to (22) , i.e. equation (22) where c s is replaced by c s , becomes elliptic. This behavior never happens in our teleparallel formulation of LQC, where c 2 s is always positive and, thus, the equation is always hyperbolic.
The dynamical equation for the perturbed scalar field δϕ, also depends on the formulation used. In teleparallel LQC, since the matter Lagrangian is the same as in standard Einstein Cosmology (EC), this equation coincides with the usual one, that is, it is given by
However in holonomy corrected LQC, a counter-term is added to the matter Hamiltonian in order to close the algebra of total constrains, giving rise to an equation which differs with the standard one, by a square of the velocity of sound equal to c 2 s = Ω (see [7] ).
Here a remark is in order: If one does not introduce any counter-term in the matter Hamiltonian, then δϕ satisfies the standard equation (23) . As a consequence, the algebra of constrains ceases to be closed, in the sense that instead of the bracket
where H m+g and D m+g are the total hamiltonian and diffeomorphism constrain [27] , one has
where D m is only the matter part of the diffeomorphism constrain.
Mukhanov-Sasaki equations for scalar perturbations
Once we have obtained the equations of scalar perturbations, introducing, as in standard cosmology, (see for example formulae (8.56)-(8.58) of [21] ) the MukhanovSasaki (M-S) variables
equation (22) 
On the other hand, in LQC as F (T ) gravity, to obtain the corresponding M-S equation, following [21] we write equations (18) and (19) as follows
and
Then, introducing the variables
equations (26) and (27) become
Performing the Laplacian in the second equation and using the first one, one gets the M-S equation
Finally, note that, in both formulations, the variable v is related to the curvature fluctuation in co-moving coordinates
by the relation v = zζ.
Scalar power spectrum in a matter bounce scenario
In this Section we will see that, as in holonomy corrected LQC [22] , for a matterdominated universe where the scale factor, the Hubble parameter and the energy density are given by
, H(t) = 
in teleparallel LQC, the scalar power spectrum is also scale invariant. This is in agreement with the fact that a matter-dominated universe in the contracting phase leads to a scale invariant spectrum of perturbations [25, 26] . When the energy density is small (ρ ρ c ), EC is recovered and equation (31) becomes the usual M-S equation that, working in Fourier space, for a matterdominated universe is given by
Assuming that at early times the universe is in the Bunch-Davies (adiabatic) vacuum, one must take for η → −∞
At early times all the modes are inside the Hubble radius, and when time moves forward the modes leave this radius. For a matter-dominated universe in EC, the modes well outside the Hubble radius are characterized by the condition
because for small values of ρ one has z ∼ =
Then, when holonomy effects are not important, for modes well outside the Hubble radius the M-S equation becomes
which can be solved using the method of reduction of the order, giving as a result
which means that at early times in the contracting phase, for modes well outside the Hubble radius, the expressions (35) and (38) give the same solution. The solution given by (35) could be expanded in terms of kη 1, and retaining the leading terms in the real and imaginary parts of v k , one gets
On the other hand, the explicit solution of (38) is obtained using the approximation z ∼ = √ 3a = (33) and using the relation between conformal and cosmological time η = 1 a(t) dt (see for instance [22] ). Then formula (38) gives as a result
Matching both solutions one obtains
Once we have calculated the coefficients B 1 (k) and B 2 (k) we use equation (38) to calculate v k at late times. More precisely, we calculate v k in the classical regime of the expanding phase for modes that are still well outside of the Hubble radius. Note that we are considering modes that in the contracting phase leave the Hubble radius and then evolve satisfying k 2 1 c 2 s z z . Then, we can approximate
where
, because η is large enough. From (42) one has
and thus, the scalar power spectrum is given by
On the other hand, in holonomy corrected LQC z(t) = 27ρc . Consequently in holonomy corrected LQC one has (see [22] )
Formulas (44) and (45) have very important consequences, because as has been pointed out in [22] , since ρ pl = 64π 2 , to agree with the observed value P ζ (k) 2 × 10 −9 [23] one has to take ρ c ∼ 10 −9 ρ pl , which contradicts its current value ρ c ∼ = 0.4ρ pl . In fact, since ρ c = 2 √ 3 γ 3 , to get ρ c ∼ 10 −9 ρ pl , one has to take as a value of the Barbero-Immirzi parameter γ ∼ 10 2 , which is greater than its current value 0.2375 obtained relating the black hole entropy in LQC with the BekensteinHawking entropy formula [30] . This contradiction does not appear in our version of LQC, where ρ c is understood as a parameter, whose value has to be obtained from observations, seems to be close to 10 −9 ρ pl , and thus, for this critical density, geometric quantum effects do not appear to affect the evolution of the universe.
Note also that, the value of ρ c is smaller that ρ pl but is still two orders greater than the most natural value of the initial energy density in chaotic inflation. This initial energy density could be deduced as follows: In inflationary cosmology one has the general formula for the spectrum of scalar perturbations [23] 
whereφ i is the value of the field at the beginning of infation. Applying this formula, for example, to the quadratic potential V (ϕ) = 1 2 m 2 ϕ 2 one gets
where ρ i is the initial energy density.
On the other hand, at the end of inflation the scalar factor is given by [24] a e = a i e 1 4 (
where a i is the value of the scalar factor at the beginning of inflation andφ e is the value of the field at the end of inflationary phase.
Assuming that inflation produces an expansion of 60 e-folds (needed in order to solve the horizon and flatness problems in EC) one obtainsφ 2 i = 240. Then, inserting this value in (47) and using the constrain P ζ (k) 2 × 10 −9 , one concludes that ρ i ∼ 10 −11 ρ pl .
To end this Section two minor remarks are in order:
1. The key point to obtain the scale invariant power spectrum (44) (resp. (45)) is that one only considers modes that after leaving and before re-entering the Hubble radius satisfy k 2
, that is, the term c 2 s ∆v (resp. c 2 s ∆v) in the M-S equation is disregarded between the leaving and the reentry of the modes in the Hubble radius.
2. The same kind of calculation could be done for a universe with equation of state P = ωρ with |ω| 1. The calculation of the power spectrum is more involved, but the spectral index n ζ could be easily calculated from the dominant term in the asymptotic expression of the corresponding Bunch-
Tensor cosmological perturbations
In teleparallel LQC, the equation of perturbations can be obtained inserting (13) in the general equation [4] dF (T ) dT
Performing the change of variables
where h represents the two degrees of freedom of h a i , we have obtained the following M-S equation for tensor perturbations
On the other hand, using holonomy corrections without counter-terms, in [6] the authors obtained
that after the change of variables v t = ah becomes
which has, as equation (52), a velocity of sound equal to 1, but does not have the standard form of a M-S equation. However, in [27] (see also [28] ), to avoid anomalies, as in the case of scalar perturbations, the authors use counter-terms, obtaining an equation for tensor perturbations of the form
which after the change of variables z t ≡ aΩ −1/2 and v t ≡ hz t becomes the following M-S equation
It is important to realize that in the super-inflationary phase (ρ > ρ c /2), the variable z t becomes imaginary, which is a great difference with the classical M-S equation where z t = a. Moreover, equation (56) has two singular points at the beginning and end of the super-inflationary phase, when ρ = ρ c /2, which means that there is not any objective criterium of continuity to define the solution at these points, and thus, there are infinite ways to match solutions at these points. Consequently, infinite mode functions could be used to calculate the power spectrum of tensor perturbations. For example, when holonomy corrections are taken into account, for the modes we are considering, z t = aΩ −1/2 is a solution, but z t = a|Ω| −1/2 is another one. In fact, one can build infinite solutions, because we cannot impose any kind continuity at the singular points. Using z t as a solution and following the same steps as in the case of scalar perturbations, the ratio of tensor to scalar perturbations for a universe with equation of state P = ωρ, will be r ≡
Since the observed scalar index n ζ = 1 + 12ω is approximately 0.968 one concludes that ω ∼ = −3 × 10 −3 , which shows that, like in the slow-roll phase of inflation, the amplitude of tensor perturbations where 1 is a dimensionless parameter. In that case the scale factor evolves as follows
and a simple calculation yields the following bound
It is well known that, for homogeneous and isotropic cosmologies, given the value of H(t) for all time, there always exists a potential for scalar fields V (φ) which provides the desired dynamics (see for instance [2] ). However, this potential will be somewhat complicated which is, from a physical viewpoint, an unpleasant feature of our possible solution. In fact, in LQC, for a matter-dominated universe, the potential is given by
which has to be flattened at some energy level in order to obtain a quasi de Sitter phase. Moreover, in the expanding phase the potential must have a local minimum that allows the oscillations of the scalar field in order to decay creating light particles, which finally thermalize yielding a hot Friedmann universe that matches with the Standard Model. Of course, this potential would have a very complicated shape meaning that our solution is somewhat artificial. To obtain a more convincing solution one also might introduce barotropic fluids. In that case, one may image, at early times, a universe in the contracting phase dominated by a dust fluid (the scalar field would be in the minim of the potential), evolving to a radiation dominated one. During these periods, since the universe is contracting, the field climbs up the potential and will eventually dominate, and thus a phase transition to the quasi de Sitter phase where scalar perturbation amplify would happen. After the universe bounces, in the expanding phase, the scalar field would go down to the minimum of the potential and the universe would be radiation dominated obtaining a hot Friedmann universe.
Conclusions
In this paper we have shown that teleparallel LQC could be a viable alternative to inflationary cosmology. The theory mixes properties of LQC and F (T ) gravity, providing a simple non-singular bounce and perturbation equations without singular points (the M-S equation for tensor perturbations is regular and the curvature fluctuation, in Fourier space, evolves as ζ k (η) ∼
dη which is a regular function). Moreover, if at early times the universe is in a matter-dominated phase (or close to it) the power spectrum of scalar and tensor perturbation will be scale invariant (or nearly scale invariant). The problem of our formulation, like in the other F (T ) theories, when one considers a simple matter bounce scenario where the universe is matter-dominated or close to it all the time, is that the ratio of tensor to scalar perturbations is of order one, in contradiction with the current bound. This problem could be sort out incorporating to the theory some complicated mechanisms (curvaton fields, extra higher order terms in the matter lagrangian density, artificial potentials,...). However what would be desirable is to find a simple bouncing scenario which agrees with current observations, which for the moment does not exist in the current literature. Here, at the end of the paper we have outlined a possible solution which seems easier than the current ones. It is based on mixing a scalar field with some barotropic fluids (dust and radiation) and incorporating a phase transition from the matter dominated universe to a quasi de Sitter phase in order to achieve the bound r 0.2, where r is the ratio of tensor to scalar perturbations.
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